Abstract. Considering the tilt of the seal ring, the transient vibration response analysis model of the non-contact mechanical seal is presented. The model is consisted of the transient Reynolds equation, the equation of motion and the equation for solving the high order nonlinear dynamic coefficients of seal. The relative error of the high order nonlinear film force to the linear film force is also obtained. With Euler method, the characteristic parameters of the transient vibration response are obtained, which include the axial vibration displacements and the angle-swing of the static ring. The 14 nonlinear force and 14 nonlinear overturning moment dynamic coefficients for the non-contact mechanical seal are calculated. The results show that the influence of the damping effects of the sealed fluid between the seal gap on the axial vibration displacements and the angle-swing is linear. The film thickness distribution changes with the axial vibration of seal, which will lead to static ring swing, and the swing also can cause the axial vibration of the seal. With the increase of the nonlinear order, the relative error of the nonlinear film force decreases. All of the nonlinear film forces, the non-linear stiffness coefficient and damping coefficient decrease with the seal film thickness increases.
Introduction
As the key parts of important equipment, the non-contact mechanical seal is widely used in aerospace, energy, petrochemical and other fields, such as the petrochemical pump, turbine pump etc. [1] [2] [3] [4] . Under the extreme working conditions, due to the axial vibration or shock, the mechanical face seals often occur transient deformation or destruction of the sealed surface, which will lead to the seal failure [2, 5, 6] . So, study on the vibration characteristics with the nonlinear factors (under the axial vibration or shock conditions) in transient process is one of the main contents of design a non-contact mechanical seal, the research results will provide the theoretical guide to assure the stable operation of the seal. However, most of the existing studies based on the commercial software are to analyze the steady state performance of the seal, mainly include seal's static lubrication characteristics, such as the thickness of the film, the average temperature rise, heat distortion, etc. Such as Zhang Guoyuan carried out the sealing static performances [1] , the non-contacting mechanical seal transient start-up separated speed [2] and the seal controllable [7] . Brunetiere N. studies steady-state hydrostatic model and thermal effect of the mechanical face seals [4, 8] . The studies on the nonlinear vibration response of the mechanical seal are few. The dynamics behavior of the seal in the rotor system has the great influence on the response of the system, and more and more researchers are engaged in developing the related model. Such as Zhang Wanfu developed a three-dimensional computational fluid dynamics model of a seal and investigated the influence mechanism of combined effects between bearings and seals on the dynamic characteristics of the rotor-bearing-seal system [9] .
However, these studies have not considered the nonlinear dynamic characteristic under the condition of tilting and swing of seal. As the mechanical seal is applied in the harsh conditions, such as the rocket engine shaft seal discussed in this paper, the nonlinear dynamics problems of the seal caused by the axial vibration or shock of shaft are becoming more common. Moreover, the axial excitation originated from the vibration or shock is of the typical time-varying and dynamic characteristics. So, in order to better access to the seal dynamic characteristics, it needs to study its nonlinear transient response characteristics. But, the full nonlinear dynamics model of the seal and its solution are very complex, and the iteration steps are massive. For example, the axial force of shaft effects the vibration which leads to the seal gap changes; the changes of gap will cause the changes of the force and other static characteristics parameters.
As described above, due to the high order and nonlinear time-vary characteristics, the process of the full model solution is very time-consuming and difficult convergence. It is nearly impossible to obtain the full static and dynamics characteristics parameters in the limited time stage, which will lead the controllable of the seal is poor. Hence, it is necessary to simplify the existing complex models to get the nonlinear transient vibrations and meet the requirement of designing the controllable seal and obtaining the dynamic characteristics of the seal. Two methods are often applied in solving the high order nonlinear model. One is to reduce the high orders by the POD method [10] or the series expansion, the other is to build the database. The series expansion only included the previous orders is a rapid method for the transient solution, and the time-cost is short and the accuracy of this method also have higher. So, in this paper, the error of the full nonlinear models' results and the series expansion results is analyzed. With the special case, the errors of the force and dynamic coefficients of the seal are obtained, the accuracy will be verified. The series expansion method for simplifying the full nonlinear model will help to obtain rapidly the transient response results and guide the design of the controllable seal [2] .
In this paper, a model with considering the tilt of the seal ring is developed, and the transient vibration response based on this model by the series expansion is studied. The model is consisted of the transient Reynolds equation, the equation of motion. The coupled equations are solved and the second and higher order nonlinear dynamic coefficients of seal are obtained. In order to study the response characteristics of the seal induced by the external axial force (or the axial displace), the nonlinear response, the stiffness and damping coefficients of the noncontact mechanical face seal are obtained. Besides, the high order nonlinear terms (the relative error of each order of the nonlinear oil film force, nonlinear stiffness and damping coefficient) with the different axial displaces is also calculated.
Model of transient vibration response of the non-contact mechanical face seal

Transient Reynolds equation
For the non-contact mechanical seal, according to the N-S equation and continuity equation based on the fluid mechanics, the dimensionless Reynolds equation can be obtained under the condition of the corresponding hypothesis as follows [7, 11] :
where, the dimensionless parameters ℎ = ℎ/ℎ , ̅ = /( − ) = / , ̅ = / , ̅ = ℎ /( Ω ), ℎ = ℎ /(Ωℎ ), , and are respectively seal ring outer, inner diameter and radial length, and subscript ℎ are identified as the thickness of the oil film under the static equilibrium position or the initial position of the non-contact mechanical face seal.
The dimensionless boundary conditions show as following:
where, Γ indicate the seal filler entrance, Γ indicate other boundary in addition to Γ , Γ indicate all the boundary.
Transient motion equation
According to the second law of Newton dynamics, the dynamic equations and the equilibrium equations of the rotor and stator of the seal can be set up, as:
where, indicate the sealing ring's mass; , respectively indicate the stiffness and damping coefficients of the oil film; ( ) is external axial load (at static equilibrium position, ( ) = 0); indicate the inertia of rotor; and , respectively indicate the torque stiffness and damping coefficients of the oil film; ( ) is the external torque on the rotor (i.e. overturning moment).
From the Eqs. (3-4), we can conclude that the sealing rings (the rotor and stator) moment is independent of the tilting. Actually, that's not true. The vibration effect of the seal will lead to the oil film thickness distribution, and the pressure distribution of the oil film is changed. As the result, the sealing ring is tilt because of the overturning moment. The same reason that the axial vibration will be caused by the sealing ring swing. These will be analyzed in the following section. However, the linear analysis is unable to solve the relationship between the movement and the swing of the sealing ring.
The sealing gap equation and the axial load with considering the tilting of seal
Seal gap control equation is shown as following:
where, ℎ indicate oil film thickness, ℎ indicate the oil film thickness under the static equilibrium position, indicate the circumferential angle of the tilting status, indicate the tilt angle of the stator. By integrating the pressure of the oil film load region in the sealing gap, the axial load capacity of the oil film can be obtained as follows:
According to the tilt of the mechanical seal, the overturning moment should also be considered as:
2.4. Second order nonlinear dynamic characteristics model
Second Order film gap thickness
Film thickness can be expressed under the disturbance condition as [11] :
where, indicates the oil film thickness at the central point of the compensation unit, indicates the tilting angle of the static seal ring under the steady status, Δ indicates the incremental of or ℎ , Δ indicates the incremental of .
Under transient conditions:
Second order seal opening force and overturning moment
Matrix of the transient oil film force under the sealing gap disturbance condition is shown as following: 
Matrix of the transient oil film overturning moment under the sealing gap disturbance condition is shown as following: 
Second order nonlinear dynamic characteristic coefficients
The matrix form of the force-stiffness damping coefficients of the oil film can be expressed as: 
With the Eq. (6), (11) 
The matrix form of the overturning moment-stiffness damping coefficients of the oil film can be expressed as: 
With the Eq. (7), (12) By the Eq. (13-14), with the given conditions, the number of the force and the overturning moment dynamic characteristic coefficients is 20, and considering the symmetric coefficients, the number of the respectively coefficients is 14. Besides, the following conclusions can be obtained as,
(1) The nonlinear damping coefficients are equal to 0. That means that the effect of oil film damping on sealing swing are linear relations. It is because that the transient term ℎ/ in the transient Reynolds equations is a first-order.
(2) The seal axial vibration affects the oil film thickness distribution, and the oil film pressure distribution, which will lead to the sealing ring swing. The converse is also true, seal swing will also cause the axial vibration.
The second order nonlinear transient motion equation
Considering the inertia of the sealing ring, the stiffness and damping coefficients are substituted into the Eq. (3) and (4), the second order nonlinear non-dimensional axial vibration equation of the sealing ring can be obtained as:
where, indicates the non-dimensional mass of the seal ring, = Ωℎ /( ). The second order nonlinear dimensionless motion equations under the oscillating condition:
where, ̅ indicates non-dimensional rotational inertia of seal ring, ̅ = Ωℎ /( ). So, the schematic diagram of the mathematical model is shown in Fig. 1 . The model includes the transient Reynolds equation, the transient motion equation and the sealing gap equation. Based on the existing softwares [1, 10] , the model is solved. The results of the higher (second, third, and fourth) order film gap thickness, seal opening force, overturning moment, dynamic characteristic coefficients will be obtained. 
Error estimation of the higher order nonlinear terms
From the Eq. (13), the higher order components of the oil film force is neglected and the truncation error of the transient oil film force occurs. So, in order to understand the accuracy of the transient oil film force, it is necessary to analyze the influence of the truncation error and the high order nonlinear terms on the transient oil film force. The influence degree can be determined by the relative error of the accurate value of the oil film force to the transient oil film force:
where, is the oil film force accurate value calculated by solving Eq. (6), is the transient oil film force, Δ is a function of Δℎ as shown in Eq. (11) . denotes the high order number, which could be determined according to the oil film thickness and the relative error.
Refer the Eq. (13), the transient oil film force is a function of the displacement and velocity of the sealing ring. When the seal system is disturbed, the higher order nonlinear oil film force can be expanded by Taylor Function as follows: 
Or as follows:
where, indicates the oil film force under steady state; indicates the -order linear and nonlinear dynamic characteristic coefficients, can be , ,… , , ,…, , , and:
(20)
The -order non-dimensional nonlinear transient oil film force can be expressed as following:
where, indicates the dimensionless nonlinear stiffness coefficient of oil film force:
indicates the dimensionless nonlinear damping coefficient of oil film force:
The dimensionless quantity of the higher order stiffness and damping coefficient of oil film force is shown as following:
3. Case study
Research object and results of the stiffness and damping coefficients
The geometrical parameters of the mechanical seal are shown in Table 1 .
The dimensionless values of the nonlinear dynamic characteristic coefficients are calculated as shown in Table 2 . 
Results of transient vibration response
In this paper, the Euler method is used to solve the Eqs. (15-16), and the dimensionless transient vibration response with time is obtained, which as shown in Fig. 2 and 3 . The initial conditions are Δ ̅ = 0.3, Δ = 0.0. The dimensionless linear and nonlinear increment of the oil film thicknesss (Δ ̅ ) in the situation of the static ring central point with the time are shown in Fig. 2 . The changes of the linear and nonlinear tilting angle of the static ring with the time are shown in Fig. 3. From Fig. 2 , the displacement of the sealing ring decreases with time because that the damping of the oil film acting on the sealing ring is over damped. From Fig. 3 , the maximum amplitude of the static ring swing quickly reach, then a non-periodic exponentially peristalsis occur, so the static ring motion is also the over damped motion.
When the initial conditions are Δ ̅ = 0.0 and Δ = 1.0 − 3, the results of the transient vibration response is shown in Fig. 4 and 5 . The displacement of the sealing ring is fast to reach the maximum amplitude, and then is a non-periodic creep in the exponential law, and shown in Fig. 4 . The amplitude of the static ring is gradually decreased with time, as shown in Fig. 5 . The motion of the sealing ring and the static ring are also the damping motion. The results shown that the vibration of the seal ring can cause the static ring swing, the static ring can also cause the seal ring vibration. 
The 4 order non-dimensional nonlinear steady oil film force is: (27) Fig. 6 is the relative error of the high order (first, second, third and fourth order) nonlinear oil film force to the accurate value of the oil film force. As shown in Fig. 6 , the relative error of the nonlinear oil film force change with the change of the oil film thickness Δ ̅ and rotor motion speed Δ ̅ ; as the number of the order increase, the error decreases. The increase of oil film thickness and the rotor speed leads the error increase, which shows that the nonlinear characteristic of the nonlinear oil film force is very obvious. Fig. 7 is the curve of the relative error of the high order relative errors of the nonlinear oil film force with the change of the oil film thickness. Fig. 8 is a curve of the different higher-order dimensionless nonlinear oil film force with the change of the oil film thickness. From Fig. 7 and Fig. 8 , we can see that with the increase of the order number, the relative errors of the oil film force decrease. With the increase of oil film thickness, the nonlinear oil film force decreases.
For the relative error value of the 4 order Δ just only is 4.8 % on the condition of Δ ̅ = -0.4. Therefore, the 4 order nonlinear oil film force can be used to meet the requirements of high precision. The second order nonlinear force can be used if the accuracy requirement is not more than 10 % when the change of the film thickness Δ ̅ is no more than 30 %. The error of the first order linear oil film force to the fourth order nonlinear force is larger when the oil film thickness is more far away the static equilibrium position. As shown in Fig. 8 and Fig. 9 , with the increase of oil film thickness, the nonlinear oil film force, nonlinear stiffness coefficient and damping coefficient decrease. 2) With the Euler method, the performance parameters of the transient vibration response are obtained, which include the axial vibration displacements and the swing-angle of the static ring. The 14 second order nonlinear force and 14 second order nonlinear overturning moment dynamic coefficients for the non-contact mechanical seal are calculated.
3) A special case is analyzed. The results show that the influence of the damping effects of the sealed fluid between the seal gap on the axial vibration displacements and the angle-swing is linear. The film thickness distribution changes with the axial vibration of seal, which will lead to K nz static ring swing. With the increase of the order number of the nonlinear oil film force, the relative error of the oil film forces decrease. With the increase of the film thickness, the nonlinear oil film force, nonlinear stiffness coefficient and damping coefficient decrease.
